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ZHEJIANG UNIVERSITY
DISCRETE MATHEMATICS, FALL-WINTER 2020
FiNnaL ExaAMm

1. (20 pts) Determine whether the following statements are true or false. If
it is true fill a / otherwise a x in the bracket before the statement.

(a) () Let A, B and C be arbitrary sets. If A—C C B—C, then AUC C BUC.

(b) () Let A, B be two sets. If p(A) C p(B), then A C B, where p(X) is the
power set of X.

(c) () Let P(z) be a predicate, then VxP(z) — Q < Va(P(z) — @), where @ is
independent of x.

(d) () The poset ({1,2,4,8,12,16,32},|) is a lattice(#%), where x | y denote z
divides y.

(e) () Let (S,=) be a partially ordered set, if there is unique maximal element a
of S, then a is the greatest element of S.

(f) () If the following assignments 000,011 and 110 make the propositional for-
mula ¢ false, then ¢ can be converted in full conjunctive normal form I1(0, 3, 6).

(g) () The set of all functions from N to {0, 1} is countably infinite.

(h) () If there are 800 people in a room then at least 3 of them are guaranteed
to have the same birthday.

(i) () All simple complete graphs with at least 3 vertices are Euler graphs.

(j) () In a binary tree with n vertices and [ leaves, then 2 -] < n + 1.
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2. (12 pts) ON MATHEMATICAL LOGIC
Construct arguments to prove that the following reasoning is valid.

HypPOTHESIS: =pV q—1r, sV —q, ot,p—t, " pAr — —s
CONCLUSION: —q

3. (10 pts) ON INFINITE SETS
Let A be an arbitrary infinite set, B be a countably infinite set, and AN B = ().

Prove that sets A and AU B have the same cardinality.

4. (12 pts) ON GRAPH
Let G be a simple graph with n vertices and k connected components.

(a) What is the minimum possible number of edges of G7

(b) What is the maximum possible number of edges of G?
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5. (24 pts) ON SET AND RELATION
Let A be a set with n elements and B = {a, b, c}.
(a) How many different symmetric relations on A?
(b) How many different anti-symmetric relations on A?
(¢) How many both symmetric and antisymmetric binary relations on A are there?
(d) How many different equivalence relations are there on B 7
)
)

How many different partial order relations are there on B?

(e
(f

Is there a binary relation R on B such that R is both an equivalence relation

and a partial order? Either give an example, or show that no such R exist.

Justify your answer, but you don’t need to give a formal proof.

6. (10 pts) ON TREE
Suppose that T' is a tree of 9 vertices with a vertex of 6 degrees.
(a) What degree sequences can T have?

(b) Draw all non-isomorphic trees of 9 vertices with a vertex of 6 degrees.
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7. (12 pts) ON COUNTING
Let b,, denote the number of binary strings of length n that contain 101 as a substring

and B(z) = >~ ba"™
(a) Determine the value of by, by, b3, by, bs.
(b) Derive an explicit closed-form expression for B(x).

HINT: You might want to set up recurrence relation for the appropriate sequences.

ENJOY YOUR SPRING FESTIVAL!



